A New Version of the Second Law of Information Thermodynamics Using Entanglement Measure 
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We present a new version of the second law of information thermodynamics using an entanglement measure 
as the information content. In the new version W cx t < — AF + /csTJe, the new information 7e is the amount 
of the entanglement taken from the system through a unitary interaction between the system and the probe. The 
upper bound of the new second law is always achievable in the approximation such that the upper bound of 
the standard second law W cx t < — AF is always achievable. We also prove that when the system is a two- 
level system and when we perform only thermodynamic operations such that the equality of Wcxt < — AF 
is achieved, we can always achieve the new upper bound without the above approximation, whereas under the 
same assumption as above there exists a measurement for which the upper bound of W cx t < — AF + ksTlQc 
0] cannot be achieved irrespective of the feedback. 



The second law of thermodynamics appears to be violated 
in thermodynamic processes that include measurements and 
feedbacks; this well-known fact has been the center of atten- 
tion and numerous studies have long been conducted on such 
processes G]H12|. The second law of information thermody- 
namics J3l is a monumental landmark of these studies; in the 
case of an isothermal process, it is expressed as 



Wext < -AF + k B TI QC , 



(1) 



where Iqc is the QC-mutual information content |6]. This 
inequality gives a new upper bound for the work extracted 
from a thermodynamic system when measurement and feed- 
back are permitted on the system. The upper bound is always 
achievable in the approximation such that the upper bound of 
the standard second law W e *t < — AF is always achievable 

a. 



In a different context, the entanglement II 1711 - 11 1811 has been 
studied as a resource for various types of information process- 
ing I12I-S- In recent years, the entanglement has appeared 
in various fields of physics II 1911 - 12 IB . However, the relation 
between the entanglement and thermodynamic processes with 
measurements and feedback controls is thus far not known. 

In the present Letter, we derive a new version of the second 
law of information thermodynamics, for which the "informa- 
tion" Ie can be expressed in the form of an entanglement mea- 
sure. In the case of an isothermal process, the second law can 
be expressed as 



Wext < ~AF+k B TI E , 



(2) 



where Ie, which we will define later, represents "the amount 
of the entanglement between the system and the response sys- 
tem, which the probe takes from the system." This inequality 
has the following three features. First, we can always achieve 
the new upper bound in the approximation such that the upper 
bound of the standard second law W ox t < — AF is always 
achievable. Second, when the system is a two-level system 
and when we perform only thermodynamic operations such 
that the equality of Wcxt < — AF is achieved, we can always 
achieve the new upper bound without the above approxima- 
tion, through proper interpretation of information and proper 
feedback. Note that the second feature is not valid for ([]]); 



as shown later in this Letter, under the same assumption as 
above, there exists a measurement for which the upper bound 
of (Q~|i cannot be achieved irrespective of the feedback. Third, 
the quantity Ie depends only on the premeasurement state of 
the system and the unitary interaction between the probe and 
the system. This implies that the information gain is already 
completeded when the unitary interaction is over and the pro- 
jective measurement is only the interpretation of the informa- 
tion. 

As the setup, we consider a thermodynamic system S that is 
in contact with heat baths B m for m = 1, 2, n which are at 
temperatures T\,c,T n , respectively. We refer to the whole set 
of baths {B m } as B. Except when we perform measurement 
or feedback control, we express the Hamiltonian of the whole 
system as 

n 

H(X(t)) = H s (X s (t)) + J2lH SBm {\ SBm (tj) + H B ™}, 

m,—l 

where H s (X s (t)) is the Hamiltonian of the system S, H Bm is 
the Hamiltonian of the bath B m , and H SBm (\ SB ™ (i)) is the 
interaction Hamiltonian between the system S and the heat 
bath B m . The Hamiltonian is controlled through external pa- 
rameters X s (f) and X SB (t). We assume that there exists a 
value of X SB (t) = X such that H SB ™(X ) = 6. We call 
the time evolution of the whole system with controlled A (i) 
and X s B (t) a thermodynamic operation. Further we assume 
that we can realize a thermodynamic equilibrium state at tem- 
perature T m by connecting S and B m and waiting. Note that 
the equilibrium state may not be a canonical distribution. We 
define the energy U of a state p as tx[pH] and define the 
Helmholtz free energy F for an equilibrium state at a tem- 
perature T as -k B T}ogZ{P), where (3 = (fesT)" 1 and 
Z(f3) = tr[exp(— f3H)]. A thermodynamic operation from 
a canonical distribution to an equilibrium state achieves the 
equality of the following inequality if and only if the final state 
is a canonical distribution too JfJ; 



U-F 
T 



T — 



U'-F' 



(4) 



where Q m is the heat moving from B m to S during the op- 
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FIG. 1: Schematic of the thermodynamic processes from U to if. 
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- -tr[plogp], psbr = 
\], and Ep B ' R (p) is the entangle- 
between SB and R; 
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SB-R 



(p) 
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PSBR = 2~2 1]\4> j ){4' j \ 



5>£7 Sfl -*(|^"» (9) 



with E SB ~ R (\<fP^) being the entanglement entropy (jj 
between SB and i? for a pure state | </>■')■ Note that 
E s f b - r {\^sbr) (iPsbrI) and ££ b - h (psbp) indicate the 
amount of entanglement between SB and R at t = t\ and 
t = t\, respectively. Thus, Ie is the amount of entanglement 
between 5*5 and R that is taken by the probe P during the 
interaction Us p. 

From t = t'i to t = ti, we perform a projective mea- 
surement {P(k) = 2j I^Mp) (k,ip\} on the probe, where 
{\k, ip)} are pure states of the probe. At t — ti, we obtain a 
result k with probability and the state of SB becomes 
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E(fc) 



2 . fe 



(10) 



where 



eration, U, F, T are the energy, the free energy and the tem- 
perature of the initial state, respectively, and U', F', T' are 
those of the final state, respectively. We refer to the thermody- 
namic operation whose initial and final states are the equilib- 
rium states and which achieves the equality of dU as a strictly 
quasi-static operation. 

Under the above setup, we consider the following thermo- 
dynamic process from t = ti to t = t{ (Fig. [TJ. At t = ti, we 
start the process with the following initial state: 



exp[-/3ffi 5 ] cxp^H 1 



where Ht 



H s (X s (ti)), Zf 



cxp[-/3 n H B »} 
Z B «(/3 n ) 



tr[cxp[ 



fin 



{keTra)- 1 andZ B ™ = tr[cxp[-(3 m H B ™}} (m = l,...,n). 
From t = ti to t = t\, we perform a thermodynamic opera- 
tion, which is expressed as C/j n it- At t = t\, the state is given 
by pi = UinitPiUi niv Adding a proper reference system R, 
we can find a pure state \ipsBR.), which satisfies 



trp[|V\SBfl) (tp 



sbr\\ = Pi- 



(6) 



From t = t± to t = t[, we introduce a unitary interaction U$p 
between the system S and the probe P, which is initialized 
to a state \0p). At t = t[, the state of the whole system is 
expressed as 

Wpsbr) = (U S p ® 1 B ® 1r)(|0p) <E> \iPsbr)), (7) 

where 1^ and lp are the identity operators. 

At this point, we define a new quantity Ie, which we call 
the entanglement information, as follows: 



thSB-R 
E F 

S(pi) - 



SBR) 
rpSB-R 

E F 



H'sbr]) 
(psbr), 



rpSB-R. 
E F 



(p 



SBR) 



(8) 



with 



,(5) 



= ((k,ip\®lsBR)\i>PSBR) (11) 

= tT R [\i:f BR ) (i,f BR \} : (12) 
= tr P p[^, fc \i>f BR ) (tPf BR \], (13) 



\i> % SBR) an d P^ being normalized. We can interpret the 




above as performing a measurement {Mqa}, where 



M, 



(k) 



J2(k,ip\Usp\0p), 



(14) 



on S_ from t = t% to t = ti. Then, the QC-mutual information 
is expressed as 



-?qc = S(pi) - ^2p k S(p 



1 ) 



(15) 



We emphasize the following two points. First, we can de- 
termine the unitary interaction Usp and the projective mea- 
surements P/fy for any measurement Mha. Hence, if we can 
evaluate the QC-mutual information Iqc, then we can also 
evaluate Ig. Second, the timings at which Ig an d Iqc are 
defined are different. The information Ie is defined when 
only Usp is completed, whereas the information Iqc is de- 
fined when the measurement {M^} is also completed. Thus, 
for two measurements with the same Usp, Ie takes the same 
value but Iqc may take different values. 

From t = ti to t = t$, we perform a feedback control 
depending on the measurement result k. To be precise, we 
perform a unitary transformations L/Vm on SB. At t = t$, the 
state of SB is given by 



P3 



Y,PkU( k )P { 2 k) U{ ky 



(16) 
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From t = *3 to t = t{, we choose a thermodynamic operation 
U&n whose final state is equilibrium and perform it. Note that 
we only assume that the final state is macroscopically equilib- 
rium; the final state may not be a canonical distribution given 
by 

exp[-/3'£f] expH^i? 31 ! n exp[-/3 nJ ff B «] 



can _ 



(17) 

where /3' is the inverse temperature of the final state of the 
system. 

For the above process, we present the following four results 
and one conjecture: 

Result 1: For any measurement {M( fc )}, the following in- 
equality holds: 



^QC < Ie- 



(18) 



The inequality ([T81 allows us to substitute Ie for Iqq in any 
inequality of the form 



x < y + zIqc or u - vIq C < w, 



(19) 



where x, y, z > 0, u, v > and w are real values. Thus, from 
the inequality ]01 

US_ F S UIS _ F , S 

+■ 2^ ~ T' fc B J QC (20) 



T 

we obtain 



m— 1 



X" 



When the the system undergoes an isothermal process in con- 
tact with a single heat bath B at temperature T, the inequality 
(TUT i reduces to (f2]i. Note that the substitution of Ie for Jqc 
may be valid for results of information thermodynamics other 
than d20i i. 

Result 2: We can always achieve the new upper bound in 
the approximation such that the upper bound of the stadard 
second law W ex t < —AF is always achievable. 

Result 3: When the following conditions are satisfied, we 
can always achieve the equality of (|2TT > with proper choices of 
{P(k)} and {U {k) } for any U SP : 

Condition 1: The system 5 is a two-level system. 

Condition 2: The thermodynamic operations C/i n it and [7 nn 
are strictly quasi-static. 

Condition 3: X SB (t) = Xq is satisfied for t± < t < ti- 
Condition 2 corresponds to the condition for achieving the 
equality of dU, to which ( f2TT > reduces in a thermodynamic 
process without feedback control. Condition 3 implies that 
the system and baths do not interact during the measurement; 
if the system and baths interact during the measurement, the 
information obtained by the probe contains the information 
about the system as well as the baths. Thus, we can interpret 
Result 3 as follows: We can completely use the information 



obtained by the probe with a proper interpretation {P(k)} an d 
a proper feedback {U^\}, if we do not waste energy during 
the thermodynamic processes and if the information describes 
only the system. 

We conjecture that we can remove Condition 1: 
Conjecture 1: Result 3 is valid without Condition 1. 
Result 4: Under Conditions 1-3, there is a measurement 
{M(fc)} for which we cannot achieve the equality of d20b with 
any U {k) . 

Results 1, 3 and 4 seem to contradict each other. Though 
the upper bound of ( f2TT > is always achievable and though in- 
equality ( fT8l exists, there is a case in which the upper bound of 
(|20| | is not achievable. However, the contradiction is spurious, 
not real. Note that when Ie is determined, we can take {P[k) } 
freely; in other words, we can choose the "best" interpretation 
of the information obtained by the probe. On the other hand, 
when 7qc is determined, {P(t)} is also determined already, 
and thus our interpretation of the probe's information is fixed 
uniquely. 

Let us prove Results 1-3. 

Proof of Result 1: Because of the definitions (0 and ( TOI l. 
we prove 



E 



PkS(p { 2 k) ) 



> E S F B - R 



(Psbr)- 



(22) 



We can express the above as follows: 



J2 pkS ( pl 2 k) ") = E pfe ^E ~~ 



Pk 



> E S F B - R 



(psbr), 



(23) 



i)(1>%r\ 



where p S BR = £i,k q%,k \iPsbr/ 
tr p[\i/>psbr) (iPpsbr\]. □ 

Proof of Result 2: In the approximation, we can always 
achieve the upper bound of < [20b for any measurement {Maj} 
17[]. For an arbitrary unitary Usp, there is a projective mea- 
surement {P(k) } that satisfies Ie = ^qc- Therefore, in the ap- 
proximation, we can always achieve the upper bound of d2Tb - 
□ 

Proof of Result 3: As in the derivation of d20b in Ref. JfJ, 
we can obtain the inequality d2TT > by transforming 



S(pi) < -tr[p f logpP n ] + / E . 



(24) 



Thus, we only have to prove that for any Usp, we can always 
take {P(fe)} and {J7(m} that satisfy 



S( Pi ) = -tr[p f log p c { an ]+lE. 



(25) 



First, we prove that if p% in ( fT6b is a canonical distribution, 
we can transform dZSb into 



E F - H {p SR ) = S(p>), 



(26) 



4 



where p S p = tr b [p S br], pf = tr B [p 3 ], and Ef,' R is the 
entanglement of formation between S and R. Thanks to (0 
and S(pi) = S(pi), we can transform d25l l into 



= -tr[ Pf logpH-^F (PSBR 



(27) 



Because of Condition 2, if p 3 is a canonical distribution, pf is 
the canonical distribution p c { an in ( fTTI i. Then we can transform 
(|27l into 



SB-R 



(psbr) = S(ps), 



(28) 



where we use S(p^) = S(pf). Thus, we only have to trans 
form d28| i into (1261 , If the following three equations hold 
and d26l i are equivalent; 



E f b - h (psbr.) = E^(p SRl )+E b -^(\^br 2 ))129) 

(30) 



E 



F (AS/?) 



B-R 2 



(\^BR 2 )), 



(31) 



where we divide R into a two-level subsystem R\ and the rest 
R 2 . 

Let us first prove (1291 , Owing to Condition 2 and the fact 
that pi is a canonical distribution, pi is a canonical distribution 
as well. Because of Condition 3, H{t\) = H s (g> H B is valid. 
Thus, because of Condition 1, under the proper basis of R we 
can divide R into a two-level subsystem Ri and a subsystem 
R 2 and express \iI>sbr) as follows: 



\>J' 



SBR/ 



(32) 



Owing to (0 and ( 1321 , we can express \4>psbr) as follows: 
\iPpsbr) = \ipPSRi) ® \i>BR 2 )- Thus, we can express p SBR 
as 



PSBR = PSR! ® \lpBR 2 ) (V> 



Bi? 2 



(33) 



where p SHl = trp^pspj (^PSflilL From d33>, we have 
( |29l and (I50V Next, we prove (EB- Note that S has been 
isolated for ti < t < t 3 with proper {£/(£)}. We can therefore 
express p 3 as pf g) |?A B p 2 ) (V'brJ with E B ' R2 (\ip B R 2 )) = 
E B - R *(\f BR/2 )). Thus, we have (ED. 

Now, we only have to find {P( k )} on P and {[/(&)} on 5* 
such that p 3 and pf are canonical distributions and that ( |26] i 
holds. We first prove that if pf is a canonical distribution, p 3 
is also a canonical distribution. To prove this, we only have to 
note that trp 2 [jV'spj ) ( 1 P'br 2 |] is a canonical distribution be- 
cause B has been isolated for t\ < t < t 3 and because trs [p{\ 
is a canonical distribution. We second find {P(k)} on P and 
{U(k)} on S such that pf is a canonical distribution and that 



holds. Because both S and R\ are two-level systems, we 
can treat the state \tppsRi) as a three-qubit pure state under a 
proper basis of P. In the supplementary materials, we prove 
the following with the approach used in Ref. 12211 : we can 
perform a projective measurement {-P(fc)}fc=o.i on the probe 
P such that the results P^ \ippsRi) are LU-equivalent for 
k = 0,1 and E s - R i(P (k) Wpsr,)) = E S F (p SRl ) is valid. 



Because the results P^) \4>PSRi) are LU-equivalent, there ex- 
ists {V (k) } k=0A on S, which satisfies pf c = V {k) p 2 (fe) V^, 

where P2 (fe) = tr Rl [P (fc) \ippsR l ) (V'PSfli I %)]■ Owing to 
Condition 1, if E s ' Rl (P( fe ) \tppsRi)) ^ 0, we can make the 
state pf = V p^v^ a canonical distribution with a unitary 
transformation V on S. Thus, {P( k )} and {UVj^)} are the 
measurement and feedback that we want.D 

Proof of Result 4: It is sufficient to prove the existence of 
a counterexample of the measurement {M^}. The equality 
of ( f20b is valid only if there exists a set of unitary transforma- 
tions {U (k) } that satisfy EfcffcS^* 5 ) = fif(p 3 ) §]. We can 
transform S(p^) as follows: 



S(p 3 ) = S( E PkU {k) P^ul k) ) 

fe=0,l 

= E p^(P2 fc) )+ E p^(%)4 fc) ^ ( + fe) ii/@H) 



fc=0,l 



fe=0,l 



where Z)(p||p') = tr[p(logp — logp')]. Because D(p\\p') = 
if and only if p = p' and because of d34l , the equation 

J^kPkSiP^) = ^(^3) t s valid if and only if {p 2 } are LU- 
equivalent for k = 0,1, in other words, if and only if the 
measurement {M/m} is a deterministic measurement. Based 
on this logic, if Result 4 were not valid, any measurement 
{M(fc)} would be deterministic. This is clearly false, and thus 
Result 4 holds. □ 

To conclude, we obtain a new version of information ther- 
modynamic inequality. In this inequality, the information gain 
is the entanglement gain; the new information /e represents 
the amount of the entanglement between the system and the 
response system which the probe takes from the system. The 
new information depends only on the premeasurement state 
of the system and the unitary interaction between the probe 
and the system, and thus when /e is determined, we can take 
{P(k)} freely. The QC-mutual information Jqc does not have 
this freedom; Results 3 and 4 follow from this difference of 
the freedom between /e and Jqc- Thus, in the above con- 
text, we can say as follows: the substance of information is 
the entanglement. The information gain is already complet- 
eded when the unitary interaction is over and the projective 
measurement is only the interpretation of the information. 
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SUPPLEMENTARY INFORMATION 

In the present supplementary material, we prove the follow- 
ing theorem: 

Theorem 1 For an arbitrary three-qubit pure state \ipPSRi), 
there exists a projective measurement {P(k)}k=o.i such that 



5 



the results P^) \1pPSR1) ore Lb '-equivalent for k = 0, 1 and 



E 



S-i?i 



(P(k)H>PSR 1 ))=E s F - R i(p S R 1 ) 



(35) 



is valid. 



Proof: Because psRi is a two-qubit mixed state, we can 
express E F ~ Rl {psR^ in the form of the concurrence 1231: 



E S F - Rl { PsRl ) = h 



(36) 



where Csr 1 (psr 1 ) is the concurrence of psRt and h(x) = 
— xlogx — (1 — x)log(l — x). Thus, we only have to find a 
projective measurement {P^)}k=o.i such that P( fe ) jf/'PSPi) 
are LU-equivalent for k = 0,1 and CsR 1 (P(k) IV'PSPi)) = 
Csi?i(psfli)- 

Before giving the projective measurement {P( fc )}, we first 
present preparations. First we express \i pp^R ^ ) in the form of 
the generalized Schmidt decomposition [24]: 

\^p SRl ) = A |000) + Aie^ |100) + A 2 |101) 

+A 3 |110) + A 4 |111) (0<</?<7r) (37) 



and introduce the following eight parameters 12211 ; 



K PS 
K PRl 
K SRl 

K 5 
Aj 



Qe 



r 2 

°PS 



r 2 
r 2 



TPSflj , 
- TpSRn 
■ Tp,S Rl , 



(38) 
(39) 
(40) 



4A^(|A 1 A 4 e^ - A 2 A 3 | 2 + A^ - A 1 A^),(41) 



^5 + TpSR l , 

K 5 — Kp S Kp Rl K S R 1 
A 2 A 3 - AiA 4 e 1 ^ 



|A 2 A 3 -AiA4e^| 
sin ip ( Ag — 



sgn 



T PSR! + ^5 



2{C 2 



SRi 



TPSPi) 



(42) 
(43) 

(44) 
(45) 



where tpsr^ is the tangle of IV'PSPi) an d sgn[x] is the sign 
function, 



sgn[xj 



x/\x\ (x^O) 
{x = 0) 



(46) 



When Qe = 0, there are two possible decompositions which 
satisfy (I371 l. We then choose the decomposition with a greater 
coefficient Xq. 

Now the preparation has been completed. In the basis of 
(137) . the projective measurement {P(fe)}fc=o,i is given as fol- 
lows; 



P, 



(0) 



fee'' 



^(i 



(i) 



-fee 



1-6 



(47) 



where the measurement parameters a, b, k and 6* are defined 
as follows: 



2K 



S Rl 



b 

k 



1 

2 

1 — a, 
\/a(l - a), 



K^psRi ±V AjC| Hi 



KpsK PRl Cl Ri 



(48) 

(49) 
(50) 
(51) 



and when Qe 7^ the mark ± means — Qe and when Qe = 
the mark ± means — . With using (f4~8l>— <[5Tb and Lemma 1 



of Ref. 12211 and after straightforward algebra, we can con- 
firm that the measurement {P(k) } is the measurement that we 
sought. 
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